Abstract. In the present paper, we summarize a proof of the Bellissard gaplabelling conjecture for quasi-crystals. Our main tools are the measured index theorem for laminations together with the naturality of the longitudinal Chern character.
Introduction

Let us consider a Schrodinger operator on R
where ∆ is the Laplacian on R p and V is a potential. The set of observables affiliated to this Schrodinger operator is a C * − algebra. It must contain at least the C * −algebra generated by operators (H − z Id) −1 where z belongs to the resolvent of H . If H describes a particle in a homogeneous media, the physical properties of this media do not depend upon the choice of an origin in R p . In particular, the algebra of observables must also contain the C * -algebra C * (H) generated by T a (H − z Id) −1 T −a where T a is the operator of translation by a ∈ R p . In [2] , J. Bellissard has attached to this Schrodinger operator H a compact space Ω H equipped with a minimal action of R p such that the crossed product algebra C(Ω H ) ⋊ R p contains C * (H) . The space Ω H is called the hull of H and is by definition the strong closure in B(L 2 (R p )) of the family
where we have fixed an element z in the resolvent of H . The action of R p on Ω H is induced by translations and up to a R p −equivariant homeomorphism, the space Ω H is independant on the choice of z in the resolvent of H .
A typical potential for motion of conduction electrons is given by:
where L is the point set of equilibrium positions of atoms and v is the effective potential for a valence electron near an atom (see [5] ). This set L is uniformly discrete, i.e. there exists a positive number r such that any ball of radius r contains at most one point. In [5] , J. Bellissard, D. J. L. Hermann and M. Zarrouati had attached to this point set L a compact space Ω L , called the hull of L equipped with a minimal action of R p . The space Ω L is called the hull of L and is constructed as follow: Let ν L be the measure on R p defined for every compactly supported
Then Ω L is by defininition the weak- * closure (with respect to the compactly supported continuous functions on R p ) of the family of translations of ν L by the elements of R p . Note that V = ν L * v and more generally, for ν ∈ Ω L we set:
For all z in the resolvent of the operator H , the map
is continuous, equivariant and surjective (see [5] ). Thus, the crossed product algebra
The main advantage of dealing with Ω L rather than Ω H is that Ω L only depends on the geometry of L ; For instance, if L is given by a rank p lattice R in R p , then the hull of L is R p /R . Actually in this case C * (H) can be computed by using Bloch theory [2] : we can check that C * (H) = C(B)⊗K , where K is the algebra of compact operator on a separable Hilbert space and B is the Brillouin zone, defined by B = R p /R * , where R * is the reciprocal lattice of R .
To the Schrodinger operator H is associated the integrated density of states (see [2] ) E → N (E) , where N (E) is defined as the number of states by unit of volume with egenvalues less or equal to E . The remarkable result of J. Bellissard, D. J. L. Hermann and M. Zarrouati in [5] is that the integrated density of states on gaps must take value in a countable subgroup of R that only depends on the point set L . This computation goes as follows. If P is a R p −invariant probability measure on Ω L , then P induces a trace τ 
In particular, if E is in a spectral gap of H , then χ ]−∞,E] is a continuous function on the spectrum of H and thus, χ ]−∞,E] (H) is an idempotent in C(Ω L )⋊ R p (recall that H is bounded below). In consequence, according to the Shubin formula, the value of N on spectral gaps of H belongs to the image of the additive map
where τ P * is the morphism induced by the trace τ P in K−theory. We now focus on the case where the point set L is a quasicrystal which is obtain by the cut-and -project method (see [10] and also [5] ). To such a point set, J. Bellissard, E. Contensous and A. Legrand have associated in [3] (see also [5] ) a canonical minimal dynamical system (T L , Z p ) which is Morita equivalent to (Ω L , R p ) and such that T L is a Cantor set. Moreover, there is a canonical ergodic invariant probability measure µ on T L such that
where τ µ is the trace on C(T L ) ⋊ Z p induced by µ . Eventually, the image
is predicted by the following conjecture of J. Bellissard [4] :
Let Ω be a Cantor set equipped with an action of Z p and with a Z p -invariant measure µ . The measure µ induces a trace τ µ on the crossed product C * -algebra C(Ω) ⋊ Z p . Let us denote by Z[µ] the additive subgroup of R generated by µ-measures of compact-open subsets of Ω . We make the assumption that Ω has no non-trivial compact-open invariant subsets (this is clearly the case if the action of Z p is minimal).
The goal of the present paper is to give a proof of the Bellissard conjecture. The method adopted uses the measured index theorem for laminations as proved in [13] .
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The mapping torus
Let Ω be a Cantor set. Assume that the group Z p acts on Ω by homeomorphisms and that there exists a Z p -invariant measure µ on Ω. We assume that Ω has no compact-open Z p -invariant subset except ∅ and Ω . This is the case in particular if the action of Z p on Ω is minimal. The action of Z p on Ω induces an action of Z p on the C * -algebra C(Ω) and thus, we can form the crossed product C * -algebra C(Ω) ⋊ Z p . The measure µ induces a trace τ µ on the C * -algebra C(Ω) ⋊ Z p and we obtain in this way a group morphism τ
In what follows, we shall denote by Z[µ] the additive subgroup of R generated by the µ-measures of compact-open subsets of Ω and by C(Ω, Z) Z p the coinvariants of the action of Z p on C(Ω, Z) , i.e. the quotient of C(Ω, Z) by the subgroup generated by elements of the form n(f ) − f , where f ∈ C(Ω, Z) and n ∈ Z p . We are interested in computing the image of
In the case p = 1 , E. Contensous proved in [9] , using the Pimsner-Voiculescu six term exact sequence, that the inclusion
In the case p = 2 , the computation of K 0 (C(Ω) ⋊ Z 2 ) was carried out by J. Bellissard, E. Contensous and A. Legrand in [3] using the Kasparov spectral sequence. The result is:
More precisely:
• The inclusion Z ֒→ K 0 (C(Ω) ⋊ Z 2 ) maps the canonical generator of Z to the image, under the morphism induced by the inclusion C *
Recall that the Bott generator of K 0 (C(T 2 )) is the unique element with Chern character egal to the volume form of T 2 . In particular, it is traceless and therefore, the above computation gives:
In the case p = 3, the computation of the image of K 0 (C(Ω)⋊Z 3 ) under the trace has been recently performed by J. Bellissard, J. Kellendonk and A. Legrand [4] and gave the same result. These computations lead J. Bellissard to state conjecture 1. We can without loss of generality assume that p is even (see [6] ). From now on, p will denote an even integer.
The group K 0 (C(Ω)⋊Z p ) can be computed in term of Kasparov cycles out of the mapping torus isomorphism. We recall in the end of this section the construction of this isomorphism.
The mapping torus is by definition the space
− be the Dirac operator on R p where S + and S − are the two irreducible spin representations of Spin(p) . The Dirac operator ∂ is Z p −equivariant. Let e be a projection of M n (C(V Ω )) and letẽ be the Z p −invariant projection of C(Ω× R p )⊗ M n (C) corresponding to e under the projection Ω× R p → V Ω . If we assumeẽ smooth in the R p −direction, then the operator
is a Z p −equivariant elliptic differential operator in the R p −direction. Hence it induces a longitudinal elliptic differential operator ∂ e Ω,R p on V Ω . According to [13] , the operator ∂ e Ω,R p admits a K−theory index Ind VΩ ∂ e Ω,R p which belongs to the Ktheory group K 0 (C(Ω) ⋊ Z p ) . We can easily check that the map e → Ind VΩ (∂ e Ω,R p ) induces a well defined morphism from
The following theorem is due to A. Connes (see [8] )
In consequence of this theorem, it is enought for proving the Bellissard conjecture to check that τ
Assume first that Ω = {pt} is just a point. The mapping torus is then V Ω = T p , the usual p−torus. If e is a smooth projector in M n (T p ) , then ∂ e {pt},R p is just the Dirac operator of the p−torus T p with coefficients in the vector bundle over T p associated with e . The Atiyah index formula for coverings (see [1] ) asserts then that
is the fundamental class of T p and ch([e]) ∈ H * (T p , R) is the Chern character of [e] ∈ K 0 (C(V Ω )) . The Connes measured longitudinal index theorem (see [7] ), or rather its extension to foliated spaces (see [13] ) provides such a formula for ∂ e Ω,R p . To state this formula for V Ω , we need to define suitable characteristic classes and a cycle to integrate these classes. This will be done in the two following sections. The proof of the Bellissard conjecture will then be given in Section 6.
Longitudinal characteristic classes
The support for the characteristic classes involved in the measure index theorem for foliation is the longitudinal cohomology of V Ω . We give in this section, first the definition of this cohomology and then, the construction of the longitudinal Chern character on K 0 (C(V Ω )) valued in this longitudinal cohomology.
The longitudinal de Rham complex.
Let Ω k (R p ) be the space of kdifferential forms on the vector space R p , endowed with its usual Frechet topology.
We denote by Ω 
provides a differential structure on the graded vector space Ω *
In what follows the superscripts e and o mean respectively even and odd forms or classes of forms. The cohomology of the complex
Remark 1. We can check (see [13] ) that H * ℓ (V Ω , R) is the cohomology of the sheaf of continuous functions which are locally constant in the leaf direction or equivalently the sheaf of continuous and equivariant functions on equivariant open subsets of Ω × R p , constant in the R p −direction. If H * (V Ω , R) denotes the Cech cohomology groups of V Ω with real coefficients, then we have a well defined morphism: 
The cohomology of the resulting complex (Ω * ℓ,c (U 0 , U 1 , R) , d ℓ ) is called the relative longitudinal cohomology of the relative open pair (U 0 , U 1 ) and is denoted by:
The following proposition is a classical homological algebra result, see for instance [14] .
Proposition 1. The following long exact sequence in longitudinal cohomology holds:
The longitudinal Chern character. We give in this subsection the definition and main properties of the longitudinal Chern character:
where H
[ * ]
We denote by C ∞,0 (V Ω ) the algebra of continuous longitudinally smooth functions on V Ω .
The algebra C ∞,0 (V Ω ) is a dense subalgebra of the algebra C(V Ω ) of continuous functions on V Ω , which is stable under holomorphic functional calculus. Hence the inclusion i : C ∞,0 (V Ω ) ֒→ C(V Ω ) induces an isomorphism [8] :
Let e be a projector in M n (C ∞,0 (V Ω )) . Let us denote byẽ the smooth in the
is an element of Ω e ℓ (V Ω , R) . We have the following proposition:
As a consequence of this proposition, the class of Trẽ exp
Corollary 1. There is a morphism ch
The morphism ch l is called the longitudinal chern character. The longitudinal Chern character can also be defined for the odd K−theory of C(V Ω ) . Hence we obtain in this way a morphism 
and
The fundamental cycle
We give in this section the definition of the Ruelle-Sullivan cycle associated with the Z p -invariant measure µ on the foliated bundle V Ω . This cycle allows to integrate the longitudinal top dimensional classes. Let χ be the characteristic function of the open set
The next proposition shows that actually, the map C µ,Z p induces a well defined map on H We are now in position to state the measured index theorem for the longitudinal Dirac operator with coefficients in a continuous longitudinally smooth vector bundle [6] . 
Proof of the Bellissard conjecture
We give in this section a proof of the Bellissard conjecture. We first recall the construction of the Kasparov spectral sequence associated with the mapping torus V Ω (see [12] ).
Let again T p be the p−torus and let us denote 
